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Abstract. Recently, we have studied the abundance of primordial black holes (PBH) pro-
duced in a single field inflationary model with a polynomial potential containing even powers
up to the sextic order which allows the existence of an inflection point in the inflaton po-
tential. We found that such a scenario can produce PBHs in a wide range of masses with
a nearly monochromatic mass fraction which can account for the total dark matter of the
universe in the asteroid mass window. In this paper, we study the stochastic background of
gravitational waves (GW) which is inevitably generated in this scenario due to the second
order effects caused by large primordial scalar curvature perturbations at the PBHs scales.
We find that the resulting secondary background of GWs could be potentially detected by
the future space based GWs observatories such as LISA, TAIJI, DECIGO or BBO. Using a
model independent approach, we also obtain a lower limit on the PBHs mass by only assum-
ing an instantaneous and a smooth transition from the ultra slow roll to the slow roll phase.
Further, we investigate the effects of reheating on the secondary GWs spectrum and find
that an epoch of a non-instantaneous reheating can cause a shift in the GWs spectrum to
larger frequencies. Interestingly, in this scenario, we also notice that very light PBHs which
may completely evaporate by today and would not contribute to the dark matter at all, will
still generate a stochastic background of secondary GWs that may be detected by a future
design of the ground based Advanced LIGO detector.
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1 Introduction
Primordial black holes (PBH) are now widely considered one of the most interesting candidate
to explain the entire cold dark matter (CDM) in the universe and have gained a lot of
attention lately, thanks to the recent detection of astrophysical gravitational waves (GW)
from a system of binary black holes, as reported by the LIGO-Virgo scientific collaboration [1–
6]. Moreover, it has been discussed that super massive black holes which are observed at the
centre of massive galaxies at high redshifts could have been originated from the distribution of
PBHs [7–10]. It is well known that PBHs can be produced in the early universe, particularly,
after inflation when primordial curvature perturbations with large overdensities re-enter the
horizon during the radiation dominated (RD) epoch [11–14]. Lately, a large number of
inflationary models have been studied to produce PBHs in different mass ranges, in particular,
the class of models producing PBHs in the asteroid mass window in which PBHs could
contribute to the total CDM in the universe [15–37].
A stochastic background of primordial gravitational waves (GW) is a central prediction
of all the inflationary models and in particular, a nearly scale invariant spectrum of tensor
perturbations is widely regarded as the holy grail of single field inflationary models. Such
a background encodes pivotal information which can be used to probe and constrain the
physics of the early universe and fundamental physics operating at very high energies. It
has been well known that in single field slow roll inflationary models, the stochastic GWs
background is nearly scale invariant which is usually generated from the amplification of
vacuum tensor fluctuations at the linear order wherein the inflaton field is the only dynamical
degree of freedom. However, models with many dynamical fields such as extra spectator fields
or gauge fields also lead to a secondary background of GWs with very different properties
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and characteristics than the vacuum contribution. Distinct signatures of such a background
can then be used to probe a general class of inflationary scenarios beyond the single field
inflationary models. Besides probing the fundamental physics of the early universe, the
spectral energy density of inflationary GWs at the present epoch can also be used to trace
and probe the thermal history of the universe [38–43]. For some recent reviews on various
cosmological backgrounds of GWs, their generation and their detection, see refs. [44, 45].
In general, a cosmological background of GWs at the second order through mode cou-
pling of scalar metric perturbations is always generated in all the inflationary models. Since
the power spectrum of second order metric perturbations should be of order 10−18 in the RD
era, one can expect that this GWs background to be extremely small and is quite far from
the reach of present and upcoming GWs observatories. However, in all the inflationary sce-
narios of PBHs formation, since the power spectrum of scalar curvature perturbations must
be enhanced at smaller scales to produce PBHs, this secondary GWs background typically
turns out to be quite large and is therefore, considered an interesting and relevant byproduct
of all such inflationary scenarios [46–62].
In an earlier paper [32], we had studied an inflationary scenario with a sextic order
polynomial potential that allows the existence of an inflection point in the inflaton potential.
Such a potential allows an epoch of an ultra slow roll (USR) evolution which leads to an
enhancement of the spectrum of primordial scalar curvature perturbations at small scales.
We found that this scenario can produce PBHs in different mass ranges and in particular, in
the asteroid mass range in which PBHs can contribute to the entire CDM. In this paper, we
shall study the induced background of stochastic GWs in this scenario which is generated
from the contribution due to mode coupling of second order scalar perturbations to the
inflationary tensor perturbations. Such GWs are generated on smaller scales after they re-
enter the horizon during the RD phase. We shall calculate this induced GWs background in
our model which is produced in a range of different frequencies, using an adequate numerical
approach and compare it with the current and projected sensitivities of various ground and
future space based GWs observatories. Interestingly, we find that in most cases of our
model, the produced GWs background can be simultaneously detected by different GWs
observatories which is usually not the case when the primordial power spectrum is highly
peaked. We emphasise that this feature provides a unique opportunity to constrain the signal
much better. In models which produce PBHs in the asteroid mass window as in our scenario,
the secondary GWs background is usually peaked in the frequency band fGW ∼ 10−3 − 1 Hz
and thus, can be potentially detected with the future space based GWs observatories such
as LISA [63–66], TAIJI [67], DECIGO [68, 69] or BBO [70]. Moreover, we also notice an
interesting observational possibility that very light PBHs produced in our scenario with mass
MPBH ∼ 10−20 − 10−21M which would have been completely evaporated by today, would
still lead to an induced GWs background at larger frequencies which can, in principle, be
observed by the future design of the ground based Advanced LIGO detector [71].
Using a model independent approach, we shall also obtain a lower bound on the PBHs
mass in our case by assuming an instantaneous and a smooth transition from the USR to the
slow roll (SR) phase. Our mass bounds are applicable as far as there is no intermediate fast
roll stage between the USR and the SR phase. Furthermore, we shall also study the effects
of reheating after the end of inflation on this GWs background and find that a prolonged
epoch of a non instantaneous reheating leads to a shift in the GWs energy spectrum while
the shape of the spectrum remains invariant. Thus, such induced GWs signal can be detected
simultaneously by different GWs observatories.
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The remainder of this paper is organised as follows: In the following section, we shall
quickly discuss the basic formalism to compute the secondary background of GWs from
second order scalar perturbations in any general inflationary scenario. We shall compute
the spectral energy density of GWs today for the scenario of PBHs formation that we had
presented in our earlier work and compare it with the optimal (design) sensitivities of various
present and future GWs observatories. In Section 3, we shall discuss that secondary GWs
induced by ultralight PBHs can be detected by a future run of ground based Advanced
LIGO detector. In Section 4, we shall discuss how to obtain the lowest possible PBHs mass
both for the cases of an instantaneous transition and a smooth transition from the USR
to the SR phase. In Section 5, we shall study the resulting effects of a non instantaneous
reheating epoch on the GWs spectra and the lower bound on the PBHs mass. Finally, we
shall summarise our results and discuss their implications in Section 6.
Our conventions and notations adopted in this paper are as follows. We work in the
natural units, ~ = c = 1, with reduced Planck mass M2Pl = (8piG)−1. Our metric signature
is mostly plus with (−,+,+,+). The background metric is described by the homogeneous,
isotropic and spatially flat FLRW universe with a line element ds2 = −dt2 + a2(t)dx2 =
a2(τ)(−dτ2 + dx2). The conformal time τ is defined as dτ = dt/a(t). The overdots and
primes denote the derivatives with respect to the cosmic time t and the conformal time τ ,
respectively. The Hubble parameter is defined as H ≡ a˙/a while the conformal Hubble
parameter is given by H ≡ aH ≡ a′/a.
2 Stochastic GWs from second order scalar perturbations
It is well known that, at the linear order in perturbations, the scalar, vector and tensor per-
turbations evolve independently, thanks to the decomposition theorem and their evolution
is governed by their corresponding equations of motion. In particular, the vector perturba-
tions simply decay in an inflating universe. However, at the second order in perturbations,
an extra source term is generated for the tensor perturbations due to the mode coupling of
scalar metric fluctuations which inevitably leads to a secondary background of induced GWs.
In this section, we shall present the basic formalism and essential equations for the tensor
perturbations with a source term due to second order scalar perturbations. We shall then
solve these equations numerically for the inflationary scenario that we had discussed in our
earlier work [32] and present the GWs energy density spectrum calculated at the present
epoch. We shall also discuss the potential detection of this secondary GWs background with
the future space based GWs observatories such as LISA, TAIJI, DECIGO or BBO.
2.1 Basics of GWs power spectrum and energy density
In this section, we shall closely follow the discussion of the seminal paper [46]. Let us start
with perturbing the FLRW metric with the scalar and tensor perturbations. In the conformal
Newtonian gauge, the perturbed metric can be written as
ds2 = −a2(τ)(1 + 2Φ) dτ2 + a2(τ)
[
(1− 2Ψ)δij + 1
2
hij
]
dxidxj , (2.1)
where Φ and Ψ are the scalar metric perturbations, also called the Bardeen potentials and hij
is the tensor perturbation which is symmetric (hij = hji), traceless (hii = 0), and transverse
(hij,j = 0). Under the assumption Φ = Ψ, the scalar part of the anisotropic stress (shear)
vanishes but the corresponding tensor part does not. As we shall see later, this serves as a
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source to the evolution equation for tensor perturbations. Furthermore, one can rewrite hij
in terms of the basis
{
e+ij(k), e
×
ij(k)
}
of polarisation tensors as follows
hij(τ,x) =
∫
d3k
(2pi)3/2
[
e+ij(k)h
+
k (τ) + e
×
ij(k)h
×
k (τ)
]
eik·x, (2.2)
where e+ij(k) =
1√
2
(ei(k)ej(k) − e¯i(k)e¯j(k)) and e×ij(k) = 1√2(ei(k)e¯j(k) + e¯i(k)ej(k)), with
ei(k) and e¯i(k) being normalised three-dimensional vectors orthonormal to k. With the
Fourier modes hk, one can now define the dimensionless power spectrum Ph as
k3
2pi2
〈
hλk(τ)h
λ′
k′(τ)
〉
= δλλ′δ
3(k + k′)Ph(τ, k), (2.3)
where λ, λ′ = {+,×} represent the two polarisations of tensor perturbations. Now, the GWs
energy density per logarithmic wavelength can be defined as
ΩGW(τ, k) ≡ 1
ρc
d ρGW
d lnk
=
ρGW(τ, k)
ρtot(τ)
=
1
24
(
k
H
)2
Ph(τ, k), (2.4)
where the overline denotes an average over time. This energy density ΩGW at the present
epoch τ = τ0 is an observationally relevant quantity which can be calculated using the power
spectrum Ph. Note that, in parity invariant scenarios as in our model, both the polarisations
will lead to the same result for the GWs spectrum. However, in parity violating situations,
the power spectrum will be different for the two polarisations. In particular, when one
helicity mode is exponentially amplified due to dynamical instabilities than the other, the
power spectrum turns out to be maximally helical and has very interesting observational
implications. For simplicity, from now on, we shall ignore the superscript λ in hk.
2.2 Induced tensor modes and their power spectrum
Using the standard canonical quantisation procedure for hij , one finds that the equation of
motion for the Fourier modes hk, sourced by the scalar perturbations Φ is given by
h′′k(τ) + 2Hh′k(τ) + k2hk(τ) = 4Sk(τ), (2.5)
where Sk is the Fourier component of the source term comprising of second order scalar
perturbations. This differential equation can be solved by the Green’s function method
which yields the solution as [52]
hk(τ) =
4
a(τ)
∫ τ
dτ¯ a(τ¯)Gk(τ, τ¯)Sk(τ¯), (2.6)
where Gk(τ, τ¯) is the solution to the following equation
G′′k(τ, τ¯) +
[
k2 − a
′′(τ)
a(τ)
]
Gk(τ, τ¯) = δ(τ − τ¯). (2.7)
Since we are interested in the induced GWs background on smaller scales corresponding
to k  keq which re-enter the horizon during RD epoch, we shall restrict our following
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discussion to RD epoch with w = 1/3 only. In that case, the source term Sk can be written
as
Sk =
∫
d3q
(2pi)3/2
eλij(k)qiqj
[
2ΦqΦk−q +
(H−1Φ′q + Φq) (H−1Φ′k−q + Φk−q)] . (2.8)
As mentioned earlier, this source term is at the second order in Φk which is the Fourier mode
of Φ and is explicitly symmetric under the exchange of q → k − q. During the RD era,
induced GWs are produced mainly around the horizon re-entry, without growing any further
because the gravitational potential oscillates after horizon re-entry. At first order, assuming
no anisotropic pressure, the time evolution of Φk is governed by
Φ′′k(τ) + 3H(1 + c2s )Φ′k(τ) + (2H′ + (1 + 3c2s )H2 + c2sk2)Φk(τ) = 0, (2.9)
For RD era, using c2s = w = 1/3 and H = 1/τ , the above equation reduces to
Φ′′k(τ) +
4
τ
Φ′k(τ) +
1
3
k2Φk(τ) = 0, (2.10)
which has an analytical solution as
Φk(τ) =
A(k)
(kτ)3
[
kτ√
3
cos
(
kτ√
3
)
− sin
(
kτ√
3
)]
+
B(k)
(kτ)3
[
kτ√
3
sin
(
kτ√
3
)
+ cos
(
kτ√
3
)]
. (2.11)
This solution will act as a source for the GWs at the second order. At early times when
kτ → 0, we find that
Φk(τ) = −A(k)
35/2
+
B(k)
(kτ)3
. (2.12)
Here, the first term is the constant mode i.e. constant in time but the second term is
the decaying mode which can be neglected hereafter. We can therefore write the dominant
solution for Φk(τ) in RD era as
Φk(τ) = T (kτ)Φ˜k, (2.13)
where T (kτ) is the transfer function in RD and its expression is given by
T (kτ) = 9
(kτ)2
[√
3
kτ
sin
(
kτ√
3
)
− cos
(
kτ√
3
)]
. (2.14)
As is well known, in the RD era, the scalar perturbation Φk is directly related to the gauge
invariant comoving curvature perturbation by Φ˜k =
2
3R(k) so we can now write
Φk(τ) =
2
3
T (kτ)R(k). (2.15)
All the details of the calculation of the induced tensor spectrum can be found in [52, 54, 72]
and thus, we shall only restrict to the essential equations needed for our discussion.
One can now solve the mode equation (2.5) together with the source term given in (2.8).
The final solution can be written in a compact form as
hsk(τ) =
4
9
∫
d3p
(2pi)3
1
k3τ
es(k,p)R(p)R(k− p)
[
Ic(v, u) cos(kτ) + Is(v, u) sin(kτ)
]
, (2.16)
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where v = p/k, u = |k− p|/k and
es(k,p) ≡ es,ij(k)pipj =
{
1√
2
p2 sin2 θ cos 2φ for s = +,
1√
2
p2 sin2 θ sin 2φ for s = ×. (2.17)
The analytic form of the two functions Ic and Is can be found in [72]. In order to calculate
the power spectrum Ph from the solution (2.16), we immediately realise that it will involve
the four point functions of R(k). However, noting that at leading order it is a Gaussian
variable defined by the dimensionless power spectrum PR as
k3
2pi2
〈R(k)R(k′)〉 = (2pi)3δ(3)(k + k′)PR(k). (2.18)
Upon using Wick’s theorem, the four point functions can be written in terms of the two point
function or the power spectrum with all possible contractions. After a lot of simplification,
one finds
Ph(τ, k) = 4
∫ ∞
0
dv
∫ 1+v
|1−v|
du
(
4v2 − (1 + v2 − u2)2
4uv
)2
I2RD(v, u, x)PR(kv)PR(ku), (2.19)
where x = kτ and x → 0 indicates the onset of the RD epoch. The factor IRD is a very
involved function and its general form can be found in [52]. For small x, the leading term
of IRD is independent of u and v, IRD ' x2/2. From observational point of view, one is
interested in the GWs spectrum today, corresponding to the late time limit i.e. x 1 which
is given by
ΩGW(τ, k) =
1
6
(
k
H
)2 ∫ ∞
0
dv
∫ 1+v
|1−v|
du
(
4v2 − (1 + v2 − u2)2
4uv
)2
I2RD(v, u, x)PR(kv)PR(ku),
(2.20)
and in the late time limit x→∞, one gets
I2RD(v, u, x→∞) =
1
2
(
3(u2 + v2 − 3)
4u3v3x
)2 [(
−4uv + (u2 + v2 − 3) log
∣∣∣∣3− (u+ v)23− (u− v)2
∣∣∣∣)2
+pi2(u2 + v2 − 3)2Θ(u+ v −
√
3)
]
.(2.21)
Note that, in order to calculate the GWs energy density, one needs to compute a 2d integral
with an involved integrand. This integral can be solved numerically, after changing to a
new set of variables which make it easier to solve. To the best of our knowledge, the GWs
spectral energy density has only been calculated completely analytically for very few cases,
for instance, when the power spectrum PR is a delta function at smaller scales [52, 72]. In
all other cases and in particular, in inflationary models when the power spectrum PR is
calculated completely numerically, this integral can only be evaluated numerically to obtain
the resulting GWs spectrum for various cases.
2.3 The present spectral energy density of GWs
In order to compare the predictions of a given scenario of GWs production with the sensitiv-
ities of present and future GWs detectors, one needs to calculate the GWs spectral energy
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density at the present epoch. Since the energy density of GWs decays as radiation ρ ∼ a−4,
we can calculate the fraction of energy density of GWs in terms of the current energy density
of radiation Ωr,0 and ΩGW(τf , k) at a time τf during the RD era, before all the available
degrees of freedom become non-relativistic. We define the effective energy density of GWs
per logarithmic interval of k through
ρGW(τ) ≡
∫
d ln k ρGW(τ, k), (2.22)
where we assume the homogeneity and isotropy of the these GWs. We shall briefly comment
on the anisotropy of GWs in the final section. The present value of ΩGW(τ0, k) can be written
as follows
ΩGW(τ0, k) =
ρGW(τ0, k)
ρGW(τf , k)
ρr(τf )
ρr(τ0)
ρr(τ0)
ρc
ΩGW(τf , k). (2.23)
Using the conservation of entropy, we obtain
ρGW(τ0, k)
ρGW(τf , k)
=
(
af
a0
)4
, (2.24)
ρr(τf )
ρr(τ0)
=
pi2
30 g∗,f T
4
f
pi2
30 g∗,0 T
4
0
=
(
g∗,f
g∗,0
)(
g∗s,0
g∗s,f
)4/3(a0
af
)4
, (2.25)
ρr(τ0)
ρc
= Ωr,0. (2.26)
If there are no extra relativistic degrees on freedom (beyond SM) at τ = τf and using entropy
conservation, we find
cf =
g∗,f
g∗,0
(
g∗s,0
g∗s,f
)4/3
≈ 0.4 . (2.27)
This allows us to write down the final expression for ΩGW(τ0, k) as
ΩGW(τ0, k)h
2 ' 6.6× 10−7
(
Ωr,0 h
2
4.0× 10−5
)(
k
H(τf )
)2
Ph(τf , k), (2.28)
which can also be written in terms of frequency f using the following relation
f =
k
2pi
= 1.5× 10−15
(
k
1 Mpc−1
)
Hz. (2.29)
In order to compute ΩGW(τ0, k), we need to perform the integral in equation (2.19) numer-
ically. However, this integral can also be computed analytically for very few cases such as
the case of a delta function power spectrum. As has been discussed earlier, it turns out to
be very useful to make a change of variables as d = (u− v)/√3 and s = (u+ v)/√3, we get
ΩGW(τ0, k)h
2 ' 2.4×10−5
(
Ωr,0 h
2
4.0× 10−5
)(
k
H(τf )
)2 ∫ 1√
3
− 1√
3
dd
∫ ∞
1√
3
ds
[
(d2 − 1/3)(s2 − 1/3)
s2 − d2
]2
× PR
(
k
√
3
2
(s+ d)
)
PR
(
k
√
3
2
(s− d)
)[
I2c (d, s) + I2s (d, s)
]
. (2.30)
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Figure (1) On the left, we plot the power spectra of primordial curvature perturbations PR
(solid curves) and primordial tensor perturbations Ph (dashed curves) for different parameters
of the scenario that we had discussed in our earlier work [32]. All these spectra show a similar
enhancement at smaller scales, required for the abundant PBHs production. Also, shown are
the relevant constraints from CMB distortions and PBHs formation. On the right, we plot
the spectral energy density of induced GWs corresponding to the spectra on the left. All
the GWs spectra also show a similar behaviour. In particular, a bump in PR on small scales
(large k) leads to a peak in ΩGWh
2 on larger frequencies which fall in the sensitivity regimes
of various future space based GWs observatories such as LISA, TAIJI, DECIGO or BBO.
The colour coding of different plots is consistent across the two figures.
This is the final expression we directly use in our numerical routine together with the ana-
lytical results for Ic and Is in an appropriate limit which are given in the following compact
form as [72]
Ic(d, s) = −36pi (s
2 + d2 − 2)2
(s2 − d2)3 θ(s− 1), (2.31)
Is(d, s) = −36(s
2 + d2 − 2)
(s2 − d2)2
[
(s2 + d2 − 2)
(s2 − d2) log
(1− d2)
|s2 − 1| + 2
]
. (2.32)
In our previous work [32], we had developed a numerical code to compute the PBHs
mass fraction for inflationary models which allows violations of SR condition, needed for the
enhancement of the power spectrum to produce sufficient mass fraction of PBHs. We have
now extended that code by including a routine to also compute the induced GWs background
in such models. In figure 1, we have plotted the power spectra of primordial curvature and
tensor perturbations PR and Ph for the scenario that we had discussed in our earlier work
[32]. The power spectra PR correspond to different choices of parameters of the model which
leads to different values of the spectral index nS at the pivot scale. All these spectra show
a similar enhancement PR ∼ k4 at smaller scales, an interesting behaviour which has also
been obtained using an analytical formalism [73, 74]. In the right panel of this figure, we
have plotted the corresponding spectral energy density ΩGWh
2 of induced GWs, obtained by
numerically integrating equation (2.30). We found that all the GWs spectra show a similar
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behaviour, with a peak at a characteristic frequency which can be determined using equation
(2.29). In particular, and as also expected, a bump in PR leads to a peak in ΩGWh2 which
fall in the sensitivity regimes of various future space based GWs observatories such as LISA,
TAIJI, DECIGO or BBO. As we have found in our scenario, a wider power spectrum PR
will result in a wider induced GWs spectra spanning a broader frequency range. This is
interesting because the induced signal overlaps with the design sensitivity plots of different
GWs observatories, particularly around the mHz - Hz range. In such a situation, there lies
an interesting possibility to simultaneously detect these signals with different observatories
and obtain stronger constraints on its origins in terms of the model parameters. It is also
interesting to note that, for some cases in our model wherein the bump in the scalar power
spectrum is located on rather larger scales (but still much smaller than CMB scales), the
resulting induced GWs background can also be detected by an array of future IPTA/SKA
detectors [75, 76].
Having computed the power spectrum of induced tensor perturbations, it is interesting
and relevant to understand the extent of the induced tensor bispectrum in such models and
analyse whether its imprints could possibly be detected by space based GWs observatories.
Recently, it has been pointed out that the non-Gaussianity associated with the induced tensor
bispectrum in some models can be large [53, 54] and it is imperative to think about the extent
of this bispectrum in other inflationary models. Moreover, one can naively expect that all
such models which induce a large stochastic GWs background due to the enhancement of
primordial curvature perturbations will also generally induce a large tensor bispectrum at
the time of GWs production i.e. some time after the horizon re-entry of different modes.
However, it has been further emphasised that this peculiar non-Gaussian characteristic of
the signal may not be observable unfortunately in any GWs detector at present. Since the
detectors can only measure the superposition of such signals coming from many different
directions in the sky and not just from one line of sight, such non-Gaussianities (or the
phase correlations) would be further de-correlated by the propagation of GWs from different
directions due to the inhomogeneities present from their generation epoch to today and thus,
will not be observable [53].
2.4 The spectral tilt of the induced GWs spectrum
In this section, we try to provide an understanding of the spectral tilt before and after the peak
of the GWs spectrum that we have numerically calculated for various cases of our scenario,
as shown in figure 1. Let’s assume that the power spectrum of curvature perturbations PR
is peaked at some scale k = kp. We shall closely follow the discussion of Refs. [77, 78]
and compare our results with them. Since the leading contribution to the secondary GWs
spectrum arises mainly from the enhanced power spectrum (relative to the CMB scales), we
neglect the contribution arising from those very large scales and thus, k− < k < k+. This
allows us to define a dimensionless parameter ∆ = k+−k−kp which quantifies the width of the
power spectrum [77]. Note that, a narrow power spectrum corresponds to ∆  1. We are
interested in the infrared behaviour of ΩGW(k) in the regimes k  k− and 1 k−/k < k+/k.
In this regime, one finds that the equation (2.20) reduces to
ΩGW(τ, k) ∝
∫ k+
k
k−
k
dv
∫ u2
u1
du
(
4v2 − (1 + v2 − u2)2
4uv
)2
I2RD(v, u, x)PR(kv)PR(ku), (2.33)
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where u1 = max
(
k−
k , |1− v|
)
and u2 = min
(
k+
k , 1 + v
)
. Now, using the fact that the
condition k  k− translates to k/kp  ∆, the above integral over v and u can be divided
into three parts as
ΩGW(τ, k) ∝
∫ k−k +1
k−
k
dv
∫ 1+v
k−
k
du+
∫ k+
k
−1
k−
k
+1
dv
∫ 1+v
v−1
du+
∫ k+
k
k+
k
−1
dv
∫ k+
k
v−1
du
×
(
4v2 − (1 + v2 − u2)2
4uv
)2
I2RD(v, u, x)PR(kv)PR(ku). (2.34)
Now using the regime 1  k−/k < k+/k, we find that the dominant contribution to the
above integral comes from the second term only and the first and the third terms are much
smaller. Since v ∈ [k−/k, k+/k] 1 and also, u ∼ v in this case which simplifies the integral
considerably and can be written in a final form as
ΩGW(τ, k) =
32
81
∫ k+
k
k−
k
dv I2RD(v, v)P2R(kv). (2.35)
Now, using the equation (2.21), we also find in this limit that
I2RD(v, v) '
243
64
1
v4
ln2
(
4v2
3
)
, (2.36)
which finally leads to
ΩGW(τ, k) ' 3
2
∫ k+
k
k−
k
dv
v4
ln2
(
4v2
3
)
P2R(kv). (2.37)
We now need to solve this integral to obtain the tilt of the GWs power spectrum. If we define
a new variable z as 1 + z = (k/kp) v, the above integral can be rewritten as
ΩGW(τ, k) ' 3
2
(
k
kp
)3 ∫ k+
kp
−1
k−
kp
−1
dz
(1 + z)4
ln2
[
4k2p
3k2
(1 + z)2
]
P2R [kp(1 + z)] , (2.38)
' 3
2
(
k
kp
)3
ln2
(
4k2p
3k2
)
P2R (kp) .
The last line is the leading order result in ∆ which also provides the tilt of the GWs spectra
before the peak. In terms of the frequency f , we find that
ΩGW(τ, f) ∝ f3 ln2
(
fp
f
)2
. (2.39)
In the strict infrared limit k → 0, one obtains ΩGW ∝ k3 ∝ f3 which has been discussed as
a rather universal result in this limit [78]. We found that the logarithmic scaling matches
very well with the GWs spectral density ΩGW obtained numerically. We now look at the
other regime i.e. k  kp and parametrise the power spectrum as PR ∼ kβ for k  kp. For
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Figure (2) We plot the spectral energy density ΩGWh
2 of secondary GWs for two cases.
To compare the tilt of the spectra before the peak, we also plot the infrared behaviour
ΩGW(f) ∝ f3 (red dashed) as well as the logarithmic behaviour ΩGW(f) ∝ f3 ln2(fp/f)2
(green dashed). We find that the logarithmic behaviour matches very well with the exact
GWs spectra obtained numerically in both the cases. Moreover, the tilt of the GWs spectra
after the peak also matches quite well with the qualitative result ΩGW(f) ∝ f2β (blue dashed).
For these two cases with β ' −0.66 and −1.3, we find that 2β ≥ −4.0, as discussed in the
text.
this case, v, u  1, the integrand of equation (2.20) drastically simplifies to v(3−β). Now if
β > −4, we find that
ΩGW(k) ∝ k2β
∫ ∞
−∞
dv F (v), (2.40)
and therefore, ΩGW(k) ∝ k2β ∝ f2β as the integration is independent of k. Similarly, for
β ≤ −4, again the leading contribution to the integral in equation (2.20) comes from the
domain kp/k ≤ (v, u) 1 and thus, we find that
ΩGW(k) ∝ k2β
∫ σ
kp/k
dv v(3−β), (2.41)
where the allowed range of σ is defined by kp/k  σ  1. After simplification, this leads to
ΩGW(k) ∝ k(β−4) ∝ f (β−4) for β < −4, (2.42)
and for the case of β = −4
ΩGW(k) ∝ k(β−4) ln
(
kp
k
)
∝ f (β−4) ln
(
fp
f
)
, (2.43)
where fp is the frequency associated with the peak in ΩGW, as can also be derived from
equation (2.29). This provides us a qualitative understanding of the tilt of the GWs spectrum
before and after the peak [78–80].
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In order to compare these qualitative and approximate results with the exact GWs
spectra, in figure 2, we have plotted the spectral energy density of GWs for two cases. As
discussed earlier, the slope of the GWs spectra before the peak is always given by ΩGW(f) ∝
f3 ln2 (fp/f)
2 which we plot on top of the exact spectra. We find that in both the cases, it
matches very well with the exact result while the infrared scaling ΩGW(f) ∝ f3 is not such
a good fit.
Now, to understand the slope of the scalar power spectrum after the peak, let’s borrow
our discussion of Section 4 and assume that after the peak at N = N0,  grows as  ∝ eγN
where γ stays nearly constant upto the end of inflation which leads to
ln
(
(Ne)
(N0)
)
= γ(Ne −N0). (2.44)
Using the minimum bound as we obtain later in Section 4, Ne − N0 ≥ 10.36 [c.f. equation
(4.6)] and using 0 = (N0) ' 10−9 as (Ne) = 1 at the end of inflation, we get γ ≤ 2.0. If we
now assume that PR ∼ kβ after the peak and since k ∝ eN , using (4.1) we get β = −γ and
thus β follows the limit β ≥ −2.0 and thus, the scaling of GWs spectrum is ΩGW(f) ∝ f2β
with 2β ≥ −4.0.This result is also in good agreement with [80], in appropriate limit. This
provides us a very rough estimate of the GWs spectra after the peak. Although we have
only plotted two GWs spectra in Figure 2 but we find that all our GWs spectra of Figure
1 do always satisfy the condition of 2β ≥ −4.0 which indicates that such bounds provide us
extra information that is consistent with the exact numerical GWs spectra obtained in all
the other cases.
3 Observing ultralight PBHs with Advanced LIGO
As we had mentioned in our earlier work [32], our scenario can produce PBHs in very dif-
ferent mass ranges and all these mass windows are constrained by a variety of observations.
However, it turns out that there do not seem to be any observational constraints around the
asteroid mass window and thus, PBHs could contribute to the total energy density of CDM
around that window, as has been emphasised in the literature recently. It is well known that
PBHs do evaporate due to Hawking radiation and the evaporation time scale is given by
tev(M) ∼ G
2M3
~ c4
∼ 1063
(
M
M
)3
yr. (3.1)
This implies that PBHs with mass M . 10−18M (M . 1015 g) would be completely evapo-
rated by today and thus can not contribute to the present density of the CDM in the universe
[81, 82]. PBHs in the mass range 10−18 − 10−16M would actually be evaporating at the
present epoch and thus can induce an observable γ-ray background [83]. However, PBHs in
the very low mass range would not contribute to the CDM at all and would also be completely
evaporated by today. However, they might still induce a secondary GWs background which
could, in principle, be detected by the future designs of the ground based GWs observatories.
It is interesting to note that, the three “peaks” i.e. the position of the peak in the
power spectrum of curvature perturbations, the peak height in the PBHs mass distribution
and the frequency of the peak of the GWs signal are related by [51, 53, 84](
MPBH
1017 g
)−1/2
' k
2× 1014 Mpc−1 =
f
0.3 Hz
, (3.2)
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Figure (3) On the left, we plot the PBHs mass fraction at the formation epoch for two
different cases, produced in our model [32] in the very low mass range corresponding to
M ∼ 10−20 − 10−21M, as well as the observational constraints arising from big bang nucle-
osynthesis (BBN) and extragalactic γ-ray background. Such small mass PBHs would have
been completely evaporated by today due to Hawking radiation. However, they will still
induce an observable secondary GWs background in the higher frequency range which falls
in the design sensitivity contours of the Advanced LIGO detector and therefore, can, in
principle, be detected in future runs, as shown on the right panel.
which provides a qualitative understanding of the relation among MPBH, k and f . This
relation roughly indicates that a peak in the power spectrum of curvature perturbations
at k ' 2 × 1014 Mpc−1 would generate a peak in the GWs spectrum at frequency f ∼
0.3 Hz. Moreover, as the sensitivity is maximum for LISA at f ∼ mHz, the peak in PR
should be around k ∼ 1012 Mpc−1 which is consistent with what is shown in figure 1. This
scaling can further be used to roughly figure out what mass range of PBHs can possibly be
probed by means of their secondary GWs signatures using the ground based detectors such
as Advanced LIGO. The maximal sensitivity of the projected design of the Advanced LIGO
detector corresponds to f ∼ 30 Hz. A stochastic GWs signal around this frequency would
correspond to very light PBHs with mass around MPBH ∼ 1013 g ∼ 10−20M. Evidently,
from equation (3.1), all such PBHs would be completely evaporated through the emission of
Hawking radiation from their formation to today and thus, can not constitute the observed
abundance of CDM.
Note that, MPBH here corresponds to the mass of a PBH at the formation epoch and
disregards any further mass growth due to merging or accretion. Moreover, there exist various
uncertainties associated with the numbers in this equation e.g. the efficiency factor γ which
is defined as the ratio between the mass collapsing into a PBH and the total mass associated
to that mode within the horizon. Its value is usually taken as γ ∼ 0.2 [81, 85] but there could
be some uncertainties associated with the PBH collapse. Often, the effects of critical collapse
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are neglected wherein detailed numerical work has shown that the mass of PBHs formed after
horizon reentry will depend on the amplitude of the overdensity δ. Secondly a slightly smaller
value of the radiation energy density today will lead to an O(1) difference in this relation.
Finally, a slight difference arises due to the value of g∗, the relativistic number of degrees of
freedom in the thermal bath when the mode responsible for the PBH re-enters the horizon,
although the dependence of MPBH on g∗ is weak. All these uncertainties could introduce
a factor of O(10) in the final result so one should keep them in mind when comparing this
relation with an exact numerical calculation, as is the case with our scenario.
In Figure 3, we have plotted the PBHs mass fraction at the formation epoch and the
associated secondary GWs energy density for two different cases of our scenario [32]. The
PBHs mass fraction at their formation epoch is also constrained to very small βini ∼ 10−23
from the BBN and extragalactic γ-ray background. However, as pointed out recently in
[35] and we also observed it in our inflationary model, their induced stochastic GWs back-
ground fall right in the design sensitivity curves of a future configuration of Advanced LIGO
detector and thus, can be potentially detected. Moreover, this GWs background also falls
in the sensitivity contours of the proposed third generation ground based GWs detectors,
Einstein Telescope (ET) and Cosmic Explorer (CE). Since this induced signal overlaps with
all these three future GWs detectors, there lies again an interesting possibility of simulta-
neously detecting the signal with these GWs observatories and putting stringer constraints
on its origin. Note that, the ground based GWs detectors such as LIGO and VIRGO have
already detected the astrophysical GWs signals from a few systems of binary black holes and
neutron stars with large masses and will detect many more in near future. However, the
characteristic shape of the GWs spectrum in these two cases is very different and thus, can
be easily disentangled. Recently, some prospects of probing such ultralight PBHs using their
stochastic GWs signatures with the Advanced LIGO detector have been discussed in [86].
4 A lower bound on the PBHs mass for USR inflation
In Section 3, we had considered the observational imprints of ultralight PBHs in terms of
their secondary GWs signatures and found that such GWs can in principle be detected with
a future design run of the ground based Advanced LIGO detector. In this section, we shall
try to understand how to derive a lower bound on the PBHs mass in the USR phase, both
using an instantaneous transition as well as a smooth transition from the USR to the SR
phase. We find that the lower bound obtained in both the scenarios are in agreement with
each other. However, our bounds do not apply if there is an intermediate fast roll stage after
the USR phase.
4.1 An instantaneous transition from USR to SR
In order to estimate the lower bound, we first need the estimation of minimum number of
e-folds in the final SR phase followed by a USR phase. Assuming that the inflaton is rolling
in the positive direction, φN = dφ/dN is positive. Since φN always decreases during the
USR phase, let’s assume that at N = N0, φN reaches its minimum value. This can also be
considered the point after which the SR potential takes over and φN starts to increase again.
Note that, at this point, φNN = 0 and as the first SR parameter  = φ
2
N/2M
2
Pl is very small,
the second SR parameter η =  − (φNN/φN ) is also very small and as a result, all the SR
conditions are satisfied. Thus we can safely approximate the power spectrum of Rk with the
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SR result as
PR(k) ' 1
8pi2M2Pl
H2
0
, (4.1)
where 0 = (N0). Since we are considering an instantaneous transition from the USR to
the SR phase, the smallest scale k0 = k(N0) leaving the horizon would still be amplified and
produce PBHs. Moreover, a significant mass fraction of PBHs requires an amplification of
the power spectrum at PBHs scales as PR(k) ∼ 10−2, so equation (4.1) leads to
0 ' H
2
M2Pl
. (4.2)
Now, using the SR approximation during the horizon exit of the observable pivot scale kp,
we can safely use equation (4.1) to estimate the Hubble parameter H which stays nearly
constant during inflation, as
H2
M2Pl
∼ 10−9, (4.3)
where we have used PR(kp) ∼ 2.1 × 10−9 and p ∼ 10−2 using ns(kp) ' 0.965. Now using
(4.2) and (4.3), we can estimate the minimum value of 0 as 0 ∼ 10−9 and the corresponding
minimum value of |φN0 | '
√
2 × 10−4.5. Using this estimation, we want to understand the
minimum number of e-folds necessary from N = N0 to the end of inflation at N = Ne, where
(Ne) = 1 or φNe =
√
2 must be satisfied. For this calculation, we shall assume that SR
conditions are not violated again between the end of USR to the end of inflation and thus,
the two conditions must be satisfied,  1 and |η| ≤ 1. This leads to the following inequality
−1 ≤ φNN
φN
≤ 1 or
∣∣∣∣φNNφN
∣∣∣∣ ≤ 1. (4.4)
If we assume φNN/φN = c(N), and solve it with the initial condition φN (N = N0) = φN0 ,
we obtain
log
∣∣∣∣ φNφN0
∣∣∣∣ = ∫ Ne
N0
c(N)dN (4.5)
Now using (4.4), |c(N)| ≤ 1, so the minimum number of e-folds between N0 to the end of
inflation Ne (φNe =
√
2) is constrained as;
∆N = Ne −N0 ≥ log
∣∣∣∣∣
√
2
φN0
∣∣∣∣∣ . (4.6)
Using our previous estimation |φN0 | '
√
2× 10−4.5, we get ∆N ≥ 10.36 which is roughly the
duration of the final SR phase before the end of inflation.
4.2 A smooth transition from USR to SR
Our previous estimation of the minimum number of e-folds was independent of the form of
the potential and we only assumed an instantaneous transition from the USR to SR phase.
To extend our analysis for a smooth transition from USR to SR, we need to consider the
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potential around φ(N0) ≡ φ0. Since USR phase is on a flat part of potential, we can effectively
approximate the potential around φ0, with first few terms of the Taylor’s expansion as
V (φ) = b0 + b1(φ− φ0) + b2(φ− φ0)2 + .... (4.7)
In the vicinity of the USR phase, we can neglect φ2N term and assume the Hubble parameter
to be constant as H(N) ' √V (φ0)/3 = √b0/3. This reduces the equation of motion for φ
to
φNN + 3φN +
1
H2
dV
dφ
= 0. (4.8)
Now, using the initial condition that at N = N0 inflation field value is φ0 and the minima of
φN is reached i.e. φNN = 0, we obtain the dynamics of φ as [80]
φ(N) = φ0 − b1
2b2
+
1
4αb2
×[(
αb1 +
4b1b2
3H
− 3b1H
)
e−
(α+3H)(N−N0)
2H +
(
αb1 − 4b1b2
3H
+ 3b1H
)
e
(α−3H)(N−N0)
2H
]
,
where α =
√
3b0 − 8b2. Assuming that the inflaton is rolling in the positive direction, at the
minima, φN must be positive, to have a finite duration of the USR phase. So we need
φN (N0) = −b1
b0
> 0 and φNNN (N0) =
(6b1b2)
b20
> 0. (4.9)
These conditions constrain the possible value of potential parameters; b1 < 0 and b2 < 0.
Using these, we can now express φN as a function of a single positive parameter b6 as
φN (N)
φN (N0)
=
√
3
b6
e−3∆N/2 sinh
(√
3
2
b6∆N
)
+ e−3∆N/2 cosh
(√
3
2
b6∆N
)
, (4.10)
where b6 =
√
3b0 − 8b2/
√
b0 and ∆N = N −N0. To avoid eternal inflation, we need b2 < 0,
so the minimum value of b6 must be greater than
√
3. Now we want to estimate the number
of e-folds from the peak in the power spectra to the point where the SR potential takes over
completely (let’s say at N = Ns). Our assumption is that this transition to SR must happen
while |η| ≤ 1 which then leads to
(∆N) = 10−9
(
φN (∆N)
φN (N0)
)2
, (4.11)
η(∆N) = (∆N)− φNN (∆N)
φN (∆N)
= (∆N) +
9− 3b62
2
√
3 b6 coth
(√
3
2 b6∆N
)
+ 6
. (4.12)
When the minima of φN is reached, φNN = 0 and  is very small ( ∼ 10−9) so very close
to N = N0, η crosses zero. Just after this crossing, φNN starts to increase and achieves a
positive value which leads to an increase in φN as well. Very quickly, the ratio φNN/φN
saturates, which is the second term of η with a negative sign, as in (4.12). It is interesting to
note, that depending on the value of b6, this term saturates to a negative asymptotic value
ηasym =
9−3b62
2
√
3b6+6
. Evidently, this saturation indicates the end of the transition phase. After
this point, the further dynamics must be completely described by the SR potential. If this
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Figure (4) On the left, we have plotted the growing behaviour of  before the transition, as
obtained in equation (4.15). It is evident that for all values of b6 in the range
√
3 < b6 ≤ 5/
√
3,
η saturates to a constant value, greater than −1. On the right, the largest value of s and
the corresponding number of e-folds whenever η reaches its asymptotic value ηs.
saturation value ηasym ≤ −1, the dynamics deviates from SR before the transition and enters
a fast roll phase. We shall assume that there is no intermediate fast roll phase between USR
and SR and consider only values of b6 which ensures the transition to SR before η ' −1.
Thus solving for φNN/φN = 1, we obtain
N(b6) =
2√
3 b6
coth−1
(√
3
(
b6
2 − 5)
2b6
)
. (4.13)
In our case, b6 is already constrained as b6 >
√
3, the above equation further limits the value
of b6 to be less than 5/
√
3 so we finally have
√
3 < b6 ≤ 5/
√
3.
Now we want to understand what can be the maximum value of s or φNs during this
transition and how many e-folds are spent to reach the transition. If we solve η = −c for
0 < c < 1, from (4.12) we get
Nc(b6) =
2√
3 b6
coth−1
(√
3
(
b6
2 − 2c− 3)
2b6c
)
. (4.14)
Upon using (4.14), at N = Nc we can find  as a function of b6 as
(b6) = 3× 10−9
(
b6
2 − 3)
3b6
2 − (2c+ 3)2 exp
[
−2
√
3
b6
coth−1
(√
3
(
b6
2 − 2c− 3)
2b6c
)]
(4.15)
This value of  is plotted in figure 4 (on the left) and from this plot, we can clearly see
that for every b6 in the range
√
3 < b6 ≤ 5/
√
3, η saturates to a constant value, η > −1.
We can consider this saturation as the beginning of the SR phase and we need to use the
value of  during this saturation as the starting value of s for the SR phase. Solving for
φNN/φN = −ηasym + ξ where ξ is negative and much smaller than ηasym, we can get the
value of e-fold number where η reaches its asymptotic value and the value of s, as plotted
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on the right in figure 4. It is evident from these plots that b6 = 5/
√
3 leads to the highest
value of s ' 7.0 × 10−8 and the lowest value of Ns −N0 ' 2.34721. This also corresponds
to the quickest transition and largest possible transition value of |ηs| whereas b6 →
√
3 leads
to the lowest value of s ' 1.0× 10−9 and largest value of Ns −N0 ' 3.83.
Finally, the above values of s can be translated to the bound on the number of e-folds
using (4.6) and thus, we can calculate the total number of e-folds, before and after the SR
transition for both the cases as
1. For b6 = 5/
√
3, ∆Nmin ' 2.35 + 8.23 = 10.58
2. For b6 →
√
3, ∆Nmin ' 3.83 + 10.36 = 14.19
Thus, it is evident that for a smooth transition, even quickest possible transition takes more
number of e-folds than our estimation in the previous section wherein we considered an
instantaneous transition in a rather model independent manner.
4.3 Estimation of the lower bound on the PBHs mass
In order to estimate a lower bound on the PBHs mass from the USR phase, we first need to
calculate the total number of e-folds from the horizon exit of the pivot scale kp = 0.05 Mpc
−1
to the end of inflation. In a RD universe, a ∝ t1/2, H ∝ t−1 and k = aH ∝ t−1/2 ∝ H1/2,
thus if a comoving wavenumber k re-enters the horizon during the RD epoch, we can relate it
with the comoving mode keq of matter-radiation equality using the Hubble parameter during
re-entry as
k
keq
=
(
H
Heq
)1/2
. (4.16)
Upon using ρeq = 3H
2
eqM
2
Pl, Heq can be related to the present Hubble parameter as
ρeq = 2 Ωr,0ρc(1 + zeq)
4 = 6 Ωr,0H
2
0M
2
Pl(1 + zeq)
4, (4.17)
Heq '
√
Ωr,0H0(1 + zeq)
2. (4.18)
Taking Ωr,0 ' 8 × 10−5, zeq ' 3400 and H0 ' 2 × 10−4 Mpc−1, we find Heq ' 20.7 Mpc−1.
Note that, we are calculating Heq by only taking into account the radiation energy density
at the matter-radiation equality. Now at the pivot scale, we know both the amplitude and
the tilt of the primordial spectrum from Planck so using (4.1), we can calculate Hinf during
inflation which we assume to stay nearly constant up to the end of inflation which, for
instantaneous reheating, is same as with the beginning of the RD epoch so Hinf ' He ' Hr
which is given by
He ' Hr '
(
8pi2M2PlPR(k)
)1/2
. (4.19)
With this and (4.16), we can now calculate the comoving mode entering at the very beginning
of the RD epoch, kr = arHr as
kr ' keq√
Heq
(
8pi2M2PlPR(k)
)1/4
. (4.20)
Taking keq ' 0.01 Mpc−1 and PR(k) ' 2.1× 10−9 at k = kp, we find
kr ' 1.94× 10241/4 Mpc−1. (4.21)
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For the case of an instantaneous reheating, we can finally estimate the total number of e-folds
from the horizon exit of the pivot scale to the end of inflation
Ne −Np = ln
(
kr
kp
)
' 58.92 + 1
4
ln . (4.22)
Using observational constraints on the value of ns ' 0.965 at the pivot scale, we can roughly
estimate  ≤ 10−2 which then limits Ne − Np . 57.77. This is, of course, consistent with
the results from [87] wherein the total number of e-folds from the horizon exit of the present
horizon (khor ' 2× 10−4 Mpc−1) to the end of inflation is constrained to be ∆Ntot ' 63.3.
We now want to estimate the maximum number of e-folds from the horizon crossing of
kp to the minima of φN at N = N0 which we can translate to the smallest scale becoming
super-horizon before the onset of the final SR phase. Assuming the Hubble parameter H to
be nearly constant and kp = a(Np)H = aie
NpH where ai is the scale factor at the beginning
of inflation, using (4.6) and (4.22), we get
N0 −Np ' 57.77− 10.36 = 47.41. (4.23)
This corresponds to a scale kPBH = σa(N0)H, which becomes super-horizon around N = N0.
Here σ  1 is taken to ensure that super-horizon condition is satisfied
kmax = σkpe
N0−Np ≈ 1.94× 1019σMpc−1, (4.24)
thus the smallest possible comoving length scale associated with a PBH peak corresponds
to kmax, or kPBH ≤ kmax. Now we can use the relation between the mass of PBHs and the
frequency of second order induced GWs as in equation (3.2) to translate the upper limit on
k in the above equation to a lower limit on the PBH mass, MPBH and an upper limit on the
frequency of corresponding second order GWs, f as
MPBH ≥ 6.14× 10−27σ−2M (4.25)
f ≤ 2.91× 104σHz (4.26)
Now if we take a very conservative limit on the factor σ as σ ≤ 10−2, lowest possible value
of PBH mass and the highest value of the second order GWs frequency turn out to be
MPBH ≥ 6.14×10−23M and f ≤ 2.91×102 Hz, respectively. Interestingly these constraints
just cover the Advanced LIGO frequency range so future runs of Advanced LIGO can be used
to detect the existence of PBHs from USR models, as we have already discussed in detail in
Section 3.
Recently, it has also been discussed in the literature that during their formation, the
abundance of PBHs with masses M < 109 g ∼ 5×10−25M are essentially not constrained so
they can constitute the dominant component of energy density (since they behave as matter)
and drive the dynamics of the universe for a brief period of time before their evaporation due
to Hawking radiation [88]. However our analysis and results of these sections suggest that
USR models of inflation can not possibly produce such ultra low mass PBHs to dominate
the energy density of universe for even a short period of time. Thus one has to resort to a
different mechanism of PBHs production to discuss those possibilities. It may be interesting
to see if an intermediate fast roll phase can produce such ultra low mass PBHs which can
dominate for a short while before their evaporation.
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5 Imprints of reheating on the secondary GWs spectrum and the lower
mass bound
In this section, we shall study the effects of a reheating stage after the end of inflation on
the resulting secondary background of GWs. Without writing down explicit couplings of
the inflaton to other fields and going into deeper details of the reheating epoch, one can
still capture broad imprints of the reheating stage by parametrising it using two parameters
Nreh and wreh where Nreh is the number of e-folds during reheating and wreh is the effective
equation of state parameter during reheating. As we had discussed in our previous work [32],
a non-instantaneous reheating stage alters the mapping of different length scales from their
horizon exit to re-entry thereby affecting the normalisation of the scalar power spectra at the
pivot scale and therefore, the mass fraction of PBHs that these scales collapse to form upon
their horizon re-entry. In [32], we found that this leads to a shift in the scalar power spectra
without affecting its overall shape. Since the secondary GWs background is calculated using
the second order effects arising from the curvature perturbations, we find that the induced
GWs background is also affected in a similar manner.
Note that, the time evolution of second order GWs is considerably different from the
time evolution of the first order GWs as discussed in [47]. If we consider a prolonged epoch of
matter dominated reheating phase, during matter domination the sub horizon modes of the
first order GWs decay but second order GWs do not decay, as the source term arising from
first order scalar perturbation is constant during matter domination. During the transition
to the RD phase, the gravitational potential of the relevant modes shall show an oscillatory
behaviour (due to the transfer function) and decay quickly [88]. Note that, the leading order
contribution to stochastic GWs comes from the modes around the peak in the power spectra
which are super horizon during the reheating phase. In this case, the subsequent evolution of
the gravitational potential for relevant modes after the generation of GWs at horizon entry
shall follow the transfer function for the RD universe. As a result, the change in primordial
power spectra PR due to a non-zero duration of the reheating phase [32] shall also be reflected
in the corresponding secondary GWs spectra.
All the modes which re-enter the horizon during the RD epoch will be affected by the
reheating epoch. In order to quantify this effect, let’s recall the following relation between
the scale factor at different epochs
ai
a0
=
ai
ae
ae
areh
areh
a0
, (5.1)
with
ai
ae
= e−N ,
ae
areh
= e−Nreh ,
areh
a0
=
ar
a0
. (5.2)
where N denotes the number of e-folds during inflation and the end of reheating coincides
with the onset of RD epoch. Assuming that the reheating epoch is characterised by an
equation of state parameter wreh = preh/ρreh, we find that ρreh = ρe e
−3Nreh(1+wreh). Note
that, instantaneous reheating corresponds to Nreh = 0 and wreh = 1/3. We shall discuss four
different scenarios of reheating corresponding to different values of Nreh and wreh. Since the
duration of the reheating stage can not be very long, we restrict ourselves to the parameter
range 0 ≤ Nreh ≤ 10 and 0 ≤ wreh ≤ 1/3. In figure 5, we have plotted the power spectra
PR (solid curves) and Ph (dashed curves) for our model corresponding to four different
reheating histories. As we had shown in our earlier work [32], the power spectra of curvature
perturbations show a shift in the peak for these different reheating scenarios. The primordial
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Figure (5) On the left, we plot the power spectra PR (solid curves) and Ph (dashed curves)
for our model corresponding to different reheating histories as displayed in the inset. Also,
shown are the relevant constraints from CMB distortions and PBHs formation. The scalar
spectra show a shift in the peak for the four different reheating scenarios that we have
considered. The primordial tensor spectra for these cases also show a similar trend. On the
right, we plot the induced GWs energy density corresponding to the spectra on the left. As
the bump in PR shifts to smaller k, the peak of ΩGWh2 shifts to smaller frequencies. Notably,
the induced GWs background can be simultaneously observed by different detectors. The
colour coding of different plots is consistent across the two figures.
tensor spectra also show a similar trend. On the right, we plot the induced GWs energy
density corresponding to the spectra on the left for the same reheating scenarios which also
show a similar shift as the reheating parameters are changed. As expected, the peak of
ΩGWh
2 shifts to smaller frequencies as the bump in PR shifts to smaller k since k ∝ 1/f . In
particular, the effects due to a prolonged matter dominated reheating epoch i.e. wreh = 0 and
Nreh = 10 are significant. We conclude that as the GWs spectra are sensitive to reheating
history, future space based GWs observatories can, in principle, probe and constrain the
details of the reheating epoch of the early universe.
Following the same arguments as in the previous section, for non-instantaneous reheat-
ing epoch, equation (4.23) modifies to
N0 −Np ' 47.41− 1
4
Nreh(1− 3wreh), (5.3)
which implies that
kmax ' 1.94× 1019 σ e− 14Nreh(1−3wreh) Mpc−1. (5.4)
Since the maximum value of k shifts to an even lower value, both the lower bound on the
PBHs mass and the upper bound on the GWs frequency become stronger and are given by
MPBH ≥ 6.14× 10−27σ−2e 12Nreh(1−3wreh)M, (5.5)
f ≤ 2.91× 104σ e− 14Nreh(1−3wreh) Hz. (5.6)
For σ ≤ 10−2, wreh = 0 and Nreh = 10, these bounds translate to MPBH ≥ 9.09 × 10−21M
and f ≤ 23.94 Hz. So evidently the lower bounds calculated in the previous section become
even stronger in the presence of a non-zero duration of the reheating phase.
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It is well known that the epoch of preheating/reheating after the end of inflation can
also produce GWs. In particular, preheating can lead to resonant production of GWs [89].
However, we shall not discuss that very interesting aspect here. Moreover, the total number
of relativistic degrees of freedom Neff also affects the GWs background and its effects has been
studied mostly for the primordial GWs background generated from the vacuum fluctuation
during inflation. Since the secondary background of GWs generated from large primordial
curvature perturbations in all models is primarily produced at the time of horizon re-entry
of Fourier modes during the RD epoch and Neff does not change significantly after RD epoch
within the Standard model, we strongly believe that this induced GWs background will not
be affected. However, in scenarios wherein an extra dark radiation component is present at
that epoch or in scenarios beyond the standard model of particle physics, Neff could change
and may lead to a noticeable imprint on the induced GWs background.
6 Conclusions and discussions
In this paper, we have studied the induced stochastic GWs background from the enhance-
ment of primordial curvature perturbations at smaller scales. An enhancement of the power
spectrum is a very generic feature of all the inflationary models allowing the violation of
slow roll conditions [90–92]. In our previous work [32], we had presented an inflationary
scenario with a polynomial potential containing an inflection point which can generate PBHs
in different mass windows with a nearly monochromatic mass fraction. In particular, PBHs
generated in the asteroid mass window are very interesting as first, they can contribute to the
entire CDM in the universe and second, the induced GWs have a characteristic peak around
the mHz frequency band which can be probed by the future space based GWs observatories
such as LISA, DECIGO or BBO. We have also shown that the secondary GWs induced by
more massive PBHs which will be peaked in the lower frequency range can be probed by
IPTA/SKA observations. Interestingly, in this scenario, we also notice that very light PBHs
which may completely evaporate by today and would not contribute to the dark matter at
all, will also generate a stochastic background of GWs that may be observed from a future
design of the ground based Advanced LIGO detector. Using a model independent approach,
we have also obtained a lower bound on the PBHs mass by only assuming an instantaneous
and a smooth transition from the USR to the SR phase. We also investigate the effects of
reheating on the secondary GWs spectrum and find that an epoch of a non-instantaneous
reheating can cause a shift in the GWs spectrum to larger frequencies, thereby making it
accessible to the reach of different GWs observatories. The lower mass bound of PBHs also
become stronger in the case of a non-instantaneous reheating epoch.
In general, all cosmological sources of GWs typically produce stochastic backgrounds of
GWs with a frequency roughly related to the size of the comoving Hubble horizon at the time
of their production. It is worth pointing out that the entire mechanism of PBHs generation
from scalar field inflationary models1 leads to different characteristic backgrounds of GWs
which can be distinguished based on their spectral energy density and frequency range.
• Primordial GWs background from vacuum tensor fluctuations characterised by the
tensor to scalar ratio r. This background is typically very small and highly redshifted
1It is well known that dynamical gauge fields during inflation provide very rich and interesting phenomenol-
ogy [93–99]. In models wherein PBHs are produced due to the amplification of gauge fields, there exists
another primordial contribution to tensor perturbations sourced directly by enhanced gauge fields during
inflation [100, 101].
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since its generation during inflation thus can not be directly detected with present or
future GWs observatories
• Secondary GWs background sourced by the enhanced scalar perturbations in models of
PBHs formation. Such GWs production is maximized when the scalar modes re-enter
the horizon during the RD era but decay inside the horizon. This induced contribution
typically has a broad peak in the spectra energy density which can be probed with
various ground and space based GWs detectors.
• The GWs produced by the mergers of PBHs binaries since formation until today [102,
103]. The frequency of this GWs signal is in the Hz - kHz regime which falls in the
sensitivity band of ground based detectors such as LIGO and future runs such as O5 of
Advanced LIGO. Perhaps, the binary black hole systems detected by LIGO are PBHs
binaries. The most recently detected merger event [104] also points out to a strong
possibility of these intermediate mass black hole’s origin being primordial [105].
• The GWs are also produced due to the graviton emission from Hawking evaporation
of PBHs [88]. The emitted GWs from tiny PBHs with high Hawking temperature
typically have very high frequency and thus, quite far from the reach of near future
GW observatories.
Recently, it has been discussed whether the spectral energy density of induced GWs in
the RD era from second order scalar perturbations is gauge invariant. In principle, a physical
observable today should not depend on the choice of the gauge in which the calculations are
carried out. There have been a few papers discussing this issue lately [106–110] and all of them
seem to present different conclusions. All these papers have computed the spectral energy
density of induced gravitational waves in the Newtonian, comoving and the uniform curvature
gauges. In [106], it was noticed that there are huge differences in the final result between the
Newtonian and the comoving gauge while the uniform curvature gauge gives the same result
as the Newtonian gauge. However, in [107–109], it was claimed that the induced GWs today
are gauge invariant while ref. [110] claims that the result is identical in four different gauges
but still different than other gauges. In summary, the issue of gauge invariance for second
order GWs is not yet completely settled and requires further investigation.
It has been pointed out recently that anisotropies in the GWs background are an in-
teresting observable that can be used to distinguish among different GWs production mech-
anisms [111, 112]. These anisotropies refer to a change in the spectral energy density of
observed GWs as a function of direction in the sky and can be imprinted both at the gen-
eration epoch as well as due to their propagation through the perturbed universe from the
formation epoch to today. These anisotropies are similar to the CMB anisotropies and can
be computed using a Boltzmann approach taking into account both the scalar and tensor
perturbations [113–115]. Recently, the effects of primordial curvature perturbations on GWs
propagation over cosmic distances have been calculated and it was shown that the resulting
deformations of the GWs background can be significant for extremely peaked GWs spectra
[116]. It will be very interesting to study these anisotropies in the case of scalar induced GWs
background and see if they provide further insights into the mechanism of PBHs formation
and the associated secondary GWs background produced in the early universe [117].
Detecting very high frequency GWs is going to be a big challenge for future detectors as
high frequency poses severe complications for interferometric observatories. An interesting
thought in this context is based on an indirect detection of these high frequency GWs by
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means of their conversion into electromagnetic (EM) radiation (gravitons → photons) in the
presence of a cosmological background magnetic field. This effect is often called the inverse
Gertsenshtein effect [118, 119]. It has been discussed that relic gravitons emitted by PBHs
prior to Big Bang Nucleosynthesis would transform to an almost isotropic background of
electromagnetic radiation due to their conversion [120–122]. This can be calculated at the
recombination epoch and during the subsequent evolution of the universe. Since the produced
EM radiation is concentrated in the X-ray part of the spectrum, this contribution could be
observable and even dominate the cosmic X-ray background. We plan to investigate all such
interesting issues in future.
Note added: While completing this paper, the NANOGrav collaboration put out a paper
in the arxiv using their 12.5-year pulsar timing data set. They found a strong evidence of
an isotropic stochastic GWs background around the nano-Hz frequency range [123]. It will
be very interesting to see if massive PBHs produced during inflation in realistic models can
provide an explanation for the observed NANOGrav signal [124, 125].
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